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x t q a t x g t s 0, g t F t ,Ž . Ž . Ž . Ž .Ž .È Ý k k k
ks1
with impulsive conditions
x t s A x t y 0 , x t s B x t y 0 ,Ž . Ž .Ç ÇŽ . Ž .j j j j j j
a connection between the following properties is established: nonoscillation of the
differential equation and the corresponding differential inequality, positiveness of
the fundamental function and the existence of a solution of a generalized Riccati
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1. INTRODUCTION
w xFirst paper on oscillation of impulsive delay differential equations 1
w xwas published in 1989 and its results were included in monographs 2, 3 . In
the recent years impulsive delay differential equations attract attention of
many mathematicians and numerous papers have been published on this
class of equations.
Most of the publications are devoted to first order differential equa-
tions. Among them note the following papers on oscillation problems
w x4]9 . There are only few papers on high order impulsive differential
equations, we also mention two ones on oscillation problems for second
w xorder impulsive ordinary differential equations 10, 11 .
Our paper is probably one of the first publications concerned with
oscillation problems of second order impulsive delay differential equations.
We obtain explicit conditions of oscillation and nonoscillation for suffi-
ciently general class of these equations. For equations without impulses
these results coincide with known ones. We present several examples
illustrating these conditions. In the first example the impulsive differential
equation is nonoscillatory while the corresponding nonimpulsive equation
is oscillatory. In the second example the impulsive differential equation is
oscillatory and the corresponding nonimpulsive equation is nonoscillatory.
In both examples the sequence of values of impulses tends to one. Thus we
can ``improve'' oscillation nature of an equation by a sequence of ``disap-
pearing'' impulses. Such an example for a second order impulsive ordinary
w x w xdifferential equation was constructed in 11 . As it follows from 4 , this
phenomenon is not possible for first order differential equations.
The paper is organized as follows. Section 2 contains the relevant
definitions and notations. In section 3 we present the main result of the
paper which is the equivalence of the four properties: nonoscillation of the
differential equation and the corresponding differential inequality, posi-
tiveness of the fundamental function and the existence of a solution of a
generalized Riccati inequality. For nonimpulsive equations this result was
w xobtained in 12 . A similar result for a first order impulsive delay differen-
w xtial equation was obtained in 4 .
In section 4 we present comparison theorems. The next section includes
explicit conditions for nonoscillation and oscillation. In a partial case when
the values of impulses for the solution and its derivative are equal we
construct a special nonimpulsive delay differential equation. We establish
that the oscillation of an impulsive equation is equivalent to oscillation of
the constructed nonimpulsive equation. As a consequence of this theorem
we obtain several interesting results for this case of impulsive conditions.
Appendix contains a proof of solution representation formula.
BEREZANSKY AND BRAVERMAN278
2. PRELIMINARIES
We consider a scalar delay differential equation of the second order
m
x t q a t x g t s 0, t G 0, 1Ž . Ž . Ž . Ž .Ž .È Ý k k
ks1
x t s A x t y 0 , x t s B x t y 0 , j s 1, 2, . . . , 2Ž . Ž . Ž .Ç ÇŽ . Ž .j j j j j j
under the following conditions:
Ž .a1 0 s t - t - t - . . . are fixed points, lim t s ‘;0 1 2 j
Ž .a2 a , k s 1, . . . , m, are Lebesgue measurable and locally essen-k
w .tially bounded functions on 0, ‘ , A , B g R, j s 1, 2, . . . , R is a real axis;j j
Ž . w . Ž .a3 g : 0, ‘ “ R are Lebesgue measurable functions, g t F t,k k
Ž .lim g t s ‘, k s 1, . . . , m.t “‘ k
Ž . Ž .Together with 1 , 2 consider for each t G 0 an initial value problem0
m
x t q a t x g t s f t , t G t ; x t s w t , t - t ; 3Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .È Ý k k 0 0
ks1
x t s a , x t s b , x t s A x t y 0 q a ,Ž . Ž . Ž .Ç Ž .0 0 0 0 j j j j
x t s B x t y 0 q b , t ) t . 4Ž . Ž .Ç ÇŽ .j j j j j 0
We also assume that the following hypothesis holds
Ž . w .a4 f : t , ‘ “ R is a Lebesgue measure locally essentially bounded0
Ž .function, w : y‘, t “ R is a Borel measurable bounded function.0
DEFINITION. A function x: R “ R with absolutely continuous on each
w . Ž . Ž .interval t , t derivative x is called a solution of problem 3 , 4 if itÇj jq1
Ž . w . Ž .satisfies equation 3 for almost every t g t , ‘ , and equalities 4 hold.0
Ž . Ž .DEFINITION. For each s G 0 denote by X t, s and X t, s the solu-0
tions of the problem
m
x t q a t x g t s 0, t G s, x t s 0, t - s, 5Ž . Ž . Ž . Ž . Ž .Ž .È Ý k k
ks1
x t s A x t y 0 , x t s B x t y 0 , t ) s 6Ž . Ž . Ž .Ç ÇŽ . Ž .j j j j j j j
Ž . Ž . Ž . Ž . Ž .with initial conditions x s s 1, x s s 0 for X t, s and x s s 0, x s sÇ Ç0
Ž .1 for X t, s .
Ž . Ž . Ž .X t, s is called a fundamental function of equation 1 , 2 . We assume
Ž .X t, s s 0, 0 F t - s.
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Ž . Ž .THEOREM 1. Let a1 ] a4 hold. Then there exists one and only one
Ž . Ž .solution of problem 3 , 4 that can be presented in the form
t
x t s X t , t a q X t , t b q X t ,s f s dsŽ . Ž . Ž . Ž . Ž .H0 0 0 0 0
0
m
t
y X t , s a s w g s dsŽ . Ž . Ž .Ž .Ý H k k
t0ks1
q X t , t a q X t , t b , 7Ž .Ž . Ž .Ý Ý0 j j j j
t )t t )tj 0 j 0
Ž Ž .. Ž .where w g s s 0, if g s ) t .k k 0
The proof of this result is presented in Appendix.
3. NONOSCILLATION CRITERIA
Ž . Ž .DEFINITION. We will say that equation 1 , 2 has a positive solution
for t ) t if there exist an initial function w and numbers a and b such0 0 0
Ž . Ž .that the solution of initial value problem 3 , 4 , with f ’ 0, a s b s 0,j j
j s 1, 2, . . . , is positive for t ) t .0
Ž . Ž .In this case equation 1 , 2 is nonoscillatory. Otherwise the equation is
called oscillatory.
Ž . Ž .Together with equation 1 , 2 consider the following second order delay
differential inequality
m
y t q a t y g t F 0, t G 0, 8Ž . Ž . Ž . Ž .Ž .È Ý k k
ks1
y t s A y t y 0 , y t s B y t y 0 , j s 1, 2, . . . . 9Ž . Ž . Ž .Ç ÇŽ . Ž .j j j j j j
The following theorem establishes nonoscillation criteria.
Ž .THEOREM 2. Suppose a t G 0, k s 1, . . . , m, A ) 0, B ) 0, j sk j j
1, 2, . . . . Then the following statements are equi¤alent:
Ž . Ž . Ž .1 There exists t G 0 such that the inequality 8 , 9 has a positi¤e1
solution for t ) t .1
Ž .2 There exists t G 0 such that the following inequality2
u t q B rA u2 tŽ . Ž .Ç Ł j j
t -t Ft2 j
m
9q A rBÝ Ł j j
t -t Ftks1 2 j
ty1= A a t exp y B rA u s ds F 0 10Ž . Ž . Ž .Ł ŁHj k j j½ 5Ž .g tŽ . t -t Fsg t -t Ft k 2 jk j
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has a locally absolutely continuous solution, where the sum ÝX contains only
Ž .those terms for which g t G t .k 2
Ž . Ž .3 There exists t G 0 such that X t, s ) 0, t ) s G t .3 3
Ž . Ž . Ž .4 There exists t G 0 such that equation 1 , 2 has a positi¤e solution4
for t ) t .4
Ž . Ž . Ž . Ž . Ž .Scheme of the Proof : 1 « 2 « 3 « 4 « 1 .
Ž . Ž . Ž . Ž . Ž .1 « 2 Let y t be a positive solution of inequality 8 , 9 for t ) t .1
Ž .Then there exists a point t such that g t G t if t G t . We can assume2 k 1 2
Ž .without loss of generality that y t s 1.2
Ž . Ž Ž . Ž .. Ž .Denote u t s Ł A rB y t ry t , if t G t and u t s 0, if t -Çt -t F t j j 22 j
Ž .t . Then u is a locally absolutely continuous function. Equalities y t yÇ2
Ž . Ž . Ž . Ž .Ł B rA u t y t s 0, y t s 1 and 9 imply thatt -t F t j j 22 j
t
y t s A exp B rA u s ds ,Ž . Ž .Ł ŁHj j j½ 5tt -t Ft t -t Fs22 j 2 j
t
y t s B u t exp B rA u s ds ,Ž . Ž . Ž .Ç Ł ŁHj j j½ 5tt -t Ft t -t Fs22 j 2 j
t
y t s B u t exp B rA u s dsŽ . Ž . Ž .È ÇŁ ŁHj j j½ 5tt -t Ft t -t Fs22 j 2 j
t2 2q B rA u t exp B rA u s ds , t G t .Ž . Ž .Ł ŁHj j j j 2½ 5tt -t Ft t -t Fs22 j 2 j
11Ž .
Ž . Ž .We substitute 11 into 8 and obtain after carrying the exponential out of
the brackets the following inequality
t 2B exp B rA u s ds u t q B rA u tŽ . Ž . Ž .ÇŁ Ł ŁHj j j j j½ 5tt -t Ft t -t Fs t -t Ft22 j 2 j 2 j
m
t9 y1q A rB A a t exp y B rA u s dsŽ . Ž .Ý Ł Ł ŁHj j j k j j½ 5Ž .g tt -t Ft g -t Ft t -t Fskks1 2 j k j 2 j
m
0q a t y g t F 0, 12Ž . Ž . Ž .Ž .Ý k k
ks1
Y Ž .where the sum Ý contains only such terms for which t F g t - t . Since1 k 2
Ž . Ž . Ž . Ž .y t G 0 for t G t and a t G 0 then 12 implies inequality 10 .1 k
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Ž . Ž .2 « 3 Consider the initial value problem
m
x t q a t x g t s f t , t G t ,Ž . Ž . Ž . Ž .Ž .È Ý k k 2
13Ž .ks1
x t s 0, t - t , x t s x t s 0Ž . Ž . Ž .Ç2 2 2
Ž .with impulsive conditions 2 . Denote
z t s x t y B rA u t x t , 14Ž . Ž . Ž . Ž . Ž .Ç Ł j j
t -t Ft2 j
Ž . Ž . Ž .where x is the solution of 13 , 2 and u is a solution of 10 . From
Ž . Ž .14 , 2 we obtain
t t
x t s exp B rA u t dt A z s ds, 15Ž . Ž . Ž . Ž .Ł ŁH H j j j½ 5t s t -t Ft s-t Ft2 2 j j
t t
x t s z t q B rA u t exp B rA u t dtŽ . Ž . Ž . Ž .Ç Ł ŁH Hj j j j½ 5t st -t Ft t -t Ft22 j 2 j
= A z s ds,Ž .Ł j
s-t Ftj
x t s z t q B rA u t z tŽ . Ž . Ž . Ž .È Ç Ł j j
t -t Ft2 j
q u t q B rA u2 t B rAŽ . Ž .Ç Ł Łj j j jž /
t -t Ft t -t Ft2 j 2 j
t t
= exp B rA u t dt A z s ds.Ž . Ž .Ł ŁH H j j j½ 5t s t -t Ft s-t Ft2 2 j j
Ž .Substituting x, x into 13 we obtainÈ
z t q B rA u t z tŽ . Ž . Ž .Ç Ł j j
t -t Ft2 j
q u t q B rA u2 t B rAŽ . Ž .Ç Ł Łj j j jž /
t -t Ft t -t Ft2 j 2 j
t t
= exp B rA u t dt A z s dsŽ . Ž .Ł ŁH H j j j½ 5t s t -t Ft s-t Ft2 2 j j
m Ž . Ž .g t g tk k9q a t exp B rA u t dtŽ . Ž .Ý ŁH Hk j j½ 5t s t -t Ft2ks1 2 j
= A z s ds s f t . 16Ž . Ž . Ž .Ł j
Ž .s-t Fg tj k
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Ž . Ž .Equality 14 implies z t s 0 and2
z t s x t y B rA u t x tŽ . Ž . Ž . Ž .Ç Łi i j j i i
t -t Ft2 j i
s B x t y 0 y B rA B rA u t A x t y 0Ž . Ž . Ž .Ç Łi i i i j j i i i
t -t -t2 j i
s B z t y 0 .Ž .i i
Ž .Hence we can rewrite equation 16 in the form
z t q B rA u t z tŽ . Ž . Ž .Ç Ł j j
t -t Ft2 j
2s y u t q B rA u tŽ . Ž .Ç Ł j j
t -t Ft2 j
m
9 y1q A rB A a tŽ .Ý Ł Łj j j k
t -t Ft Ž .g t -t Ftks1 2 j k j
t
=exp y B rA u s dsŽ .ŁH j j½ 5Ž .g t t -t Fsk 2 j
t t
= B rA exp B rA u t dt A z s dsŽ . Ž .Ł Ł ŁH Hj j j j j½ 5t st -t Ft t -t Ft s-t Ft22 j 2 j j
m
t Ž .g tkq a t exp B rA u t dtŽ . Ž .Ý ŁH Hk j j½ 5Ž .g t s t -t Ftkks1 2 j
= A z s ds q f t ,Ž . Ž .Ł j
Ž .s-t Fg tj k
z t s 0, z t s B z t y 0 , t ) t . 17Ž . Ž . Ž .Ž .2 j j j j 2
Ž .Then equation 17 is equivalent to the following equation
z s Hz q p , 18Ž .
where
t t
Hz t s exp y B rA u t dtŽ . Ž . Ž .ŁH H j j½ 5t s t -t Ft2 2 j
2= B y u s q B rA u sŽ . Ž .ÇŁ Łj j jžs-t Ft t -t Fsj 2 j
m
9 y1q A rB A a sŽ .Ý Ł Łj j j k
t -t Ft Ž .g s -t Fsks1 2 j k j
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s
=exp y B rA u t dtŽ .ŁH j j½ 5 /Ž .g s t -t Ftk 2 j
s s
= B rA exp B rA u j djŽ .Ł ŁH Hj j j j½ 5t tt -t Fs t -t Fj22 j 2 j
= A z t dtŽ .Ł j
t-t Fsj
m s Ž .g sk9q a s exp B rA u j djŽ . Ž .Ý ŁH Hk j j½ 5Ž .g s t t -t Fjkks1 2 j
= A z t dt ds, 19Ž . Ž .Ł j
Ž .t-t Fg sj k
t t
p t s exp y B rA u t dt B f s ds. 20Ž . Ž . Ž . Ž .Ł ŁH H j j j½ 5t s t -t Ft s-t Ft2 2 j j
Ž . Ž . Ž .Ž .Inequality 10 yields that if z t G 0 for t G t then Hz t G 0 for2
Ž .t G t i.e. operator H is positive .2
Denote
c t s u t q B rA u2 tŽ . Ž . Ž .Ç Ł j j
t -t Ft2 j
m
9 y1q A rB A a tŽ .Ý Ł Łj j j k
t -t Ft Ž .g t -t Ftks1 2 j k j
t
= exp y B rA u s ds .Ž .ŁH j j½ 5Ž .g t t -t Fsk 2 j
Since u is absolutely continuous in each finite interval, we have c g Lw t , b x2
for every b ) t , where L is the space of all Lebesgue integrable2 w a, b x
w xfunctions on a, b with the usual integral norm.
w xFor t g t , b we have2
b
Hz t F exp B rA u t dtŽ . Ž . Ž .ŁH j j½ 5t t -t Ft2 2 j
m
t
= B B rA c s q a sŽ . Ž .Ł Ł ÝH j j j kž /t s-t Ft t -t Fs2 ks1j 2 j
s
= A z t dt dsŽ .ŁH j
t t-t Fs2 j
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b
s exp B rA u t dtŽ .ŁH j j½ 5t t -t Ft2 2 j
t t
= B B rA c sŽ .Ł ŁH H j j jžžt t t-t Ft t -t Fs2 j 2 j
m
q a s A ds z t dt .Ž . Ž .Ý Łk j/ /t-t Fsks1 j
The kernel of the Volterra integral operator H is bounded in each
w x w x w xsquare t , b = t , b , hence 13 H: L “ L is a weakly compact2 2 w t , b x w t , b x2 2
w xoperator and its square is a compact operator. Therefore 14 the spectral
Ž .radius of such an integral Volterra operator r H s 0.
Ž . Ž .Thus if in 18 p t G 0 for t G t then2
z t s p t q Hp t q H 2 p t q . . . G 0 for t G t .Ž . Ž . Ž . Ž . Ž .Ž . 2
Ž . Ž . Ž .If f t G 0 for t G t then by 20 p t G 0 for t G t . Hence for2 2
Ž . Ž . Ž .equation 16 we have the following: if f t G 0 for t G t then z t G 02
for t G t .2
Ž . Ž . Ž .Therefore 15 implies that the solution of 13 , 2 is nonnegative for
any nonnegative right-hand side f.
Ž .The solution of this equation can be written in the form 7 ,
t
x t s X t , s f s ds. 21Ž . Ž . Ž . Ž .H
t2
Ž . Ž .As was shown above, f t G 0, t G t , implies x t G 0, t G t . Conse-2 2
Ž .quently, the kernel of the integral operator 21 is nonnegative. Therefore
Ž . Ž . Ž .X t, s G 0 for t G s G t . A function x t s X t, s is a nonnegative2
Ž . Ž . Ž .solution of 5 for t G s. Suppose for certain t ) s x t s 0 and x t ) 0,3 3
Ž . Ž .s - t - t . Then x t - 0. By 7 we have for t ) tÇ3 3 3
m
t
x t s X t , t x t y X t , s a s w g s ds,Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ç Ý H3 3 k k
t3ks1
Ž . Ž . Ž .where w t s x t , t - t . Therefore x t - 0, t ) t and we get a contra-3 3
diction.
Ž . Ž .Hence the strict inequality x t s X t, s ) 0, t ) s G t holds.2
Ž . Ž . Ž . Ž .3 « 4 The function x t s X t, t is a positive solution of equation3
Ž . Ž .1 , 2 .
Ž . Ž .Implication 4 « 1 is evident.
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Ž . Ž .COROLLARY. Equation 1 , 2 is nonoscillatory if and only if inequality
Ž . Ž .8 , 9 is nonoscillatory.
Ž . Ž .Remark. 1 If there exists a nonnegative solution of inequality 10 for
Ž . Ž . Ž .t G t then statements 1 , 3 , and 4 of the theorem are also valid for0
t G t .0
Ž .2 A generalized Riccati equation for a delay differential equation
w xwithout impulses arose for the first time in 12 .
Ž . Ž .3 If inequality 10 has a nonnegative solution then equation
Ž . Ž .1 , 2 has a positive solution with a nonnegative derivative.
4. COMPARISON THEOREMS
Suppose in this section that A ) 0, B ) 0.j j
Theorem 2 can be employed for comparison of oscillation properties. To
Ž . Ž .this end, together with equation 1 , 2 consider the following equation
Ž .with impulsive conditions 2 :
m
x t q b t x g t s 0, t G 0. 22Ž . Ž . Ž . Ž .Ž .È Ý k k
ks1
Ž . Ž . Ž . Ž .Suppose a2 and a3 hold for equation 22 and denote by Y t, s a
fundamental function of this equation.
A proof of the following theorem and its corollary is similar to the proof
Ž .of the corresponding theorem Theorem 2 for equations without impulses
w x12 .
Ž . Ž . Ž .THEOREM 3. Suppose a t G 0, a t G b t for t G t and inequalityk k k 0
Ž . Ž . Ž .8 has a solution for t G t . Then equation 22 , 2 has a positi¤e solution for0
Ž .t ) t and Y t, s ) 0, t ) s G t .0 0
q  4Denote a s max a, 0 .
Ž .COROLLARY. 1 If the inequality
m
qx t q a t x g t F 0 23Ž . Ž . Ž . Ž .Ž .È Ý k k
ks1
Ž . Ž . Ž .with impulsi¤e conditions 2 is nonoscillatory then 1 , 2 is nonoscillatory.
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Ž .2 If the inequality
u t q B rA u2 tŽ . Ž .Ç Ł j j
t -t Ft0 j
m
9 y1 qq A rB A a tŽ .Ý Ł Łj j j k
t -t Ft Ž .g t -t Ftks1 0 j k j
t
= exp y B rA u s ds F 0 24Ž . Ž .ŁH j j½ 5Ž .g t t -t Fsk 0 j
has an absolutely continuous solution for t G t , where the sum contains only0
Ž . Ž . Ž .those terms for which g t G t then equation 1 , 2 has a positi¤e solutionk 0
Ž .for t ) t and X t, s ) 0, t ) s G t .0 0
Ž . Ž .Now let us compare the solutions of problem 3 , 4 and the following
one
m
y t q b t y g t s r t , t G t , y t s c t , t - tŽ . Ž . Ž . Ž . Ž . Ž .Ž .È Ý k k 0 0
ks1
25Ž .
Ž . Ž . Ž .with impulsive conditions 4 . Denote by x t and y t the solution of
Ž . Ž . Ž . Ž .3 , 4 and 25 , 4 , respectively.
Ž . Ž .THEOREM 4. Suppose there exists a solution of 8 for t G t , x t ) 00
for t G t and0
a t G b t G 0, r t G f t for t G t , w t G c t for t - t .Ž . Ž . Ž . Ž . Ž . Ž .k k 0 0
Ž . Ž .Then y t G x t for t G t .0
w xA proof is similar to the proof of Theorem 4 in 12 .
5. EXPLICIT NONOSCILLATION AND
OSCILLATION CRITERIA
We will employ Corollary of Theorem 3 to obtain explicit sufficient
conditions for nonoscillation and suppose in this section that A ) 0,j
B ) 0.j
THEOREM 5. Suppose for some t ) 0, 0 - q - 1, r ) y1, m ) 0,0
M ) 0 at least one of the following conditions holds:
< <sup B rA y 1 F q ,Ł j j
t -t FttGt 0 j0
Ž . 21yq r2m g t 1 y qŽ . Ž .k2 y1 qsup t A a t F .Ž .Ý Ł j k t 4Ž .g t -t FttGt ks1 k j0
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mt r F sup B rA F Mt r , 26Ž .Ł j j
t -t FttGt 0 j0
2m m 1 q rŽ .
2 y1 qsup t A a t F . 27Ž . Ž .Ý Ł j k 4MŽ .g t -t FttGt ks1 k j0
Ž . Ž .Then equation 1 , 2 has a positi¤e solution for t ) t with a nonnegati¤e0
deri¤ati¤e.
Ž .Proof. Suppose 26 holds. We will show that a function 1r2 t is a
Ž .solution of inequality 24 . To this end substitute this function into the left
hand side of the inequality and consider a function
1 1
h t s y q B rAŽ . Ł j j2 22 t 4 tt -t Ft0 j
m
y1 qq A rB A a tŽ .Ý Ł Łj j j k
t -t Ft Ž .g t -t Ftks1 0 j k j
1t
= exp y B rA ds .ŁH j j½ 52 sŽ .g t t -t Fsk 0 j
Denote sup Ł B rA s a . Then 1 y q F a F 1 q q. Hencet G t t -t F t j j0 0 j
m1 1 1
y1 qh t F y q 1 q q q A a tŽ . Ž . Ž .Ý Ł j k2 2 1 y q2 t 4 t Ž .g t -t Ftks1 k j
1t
= exp y 1 y q dsŽ .H½ 52 sŽ .g tk
Ž .1yq r2m1 1 g tŽ .ky1 qs y 1 y q q A a tŽ . Ž .Ý Ł j k2 1 y q t4 t Ž .g t -t Ftks1 k j
1
s y 2t 1 y qŽ .
Ž .2 1yq r1m1 y q g tŽ . Ž .k2 y1 q= y t A a t F 0.Ž .Ý Ł j k ž /4 tŽ .g t -t -tks1 k j
Ž .Then 1r2 t is a nonnegative solution of the inequality 24 , therefore
Ž . Ž .equation 1 , 2 has a positive solution with nonnegative derivative.
Ž . 1q r Ž .If 27 holds then u s 1 q rr2 Mt is a nonnegative solution of 24 .
Ž .Actually, substitute this function into the left hand side of 24 and denote
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Ž .by h t the expression obtained. We have
2 21 q r 1 q rŽ . Ž .
h t F y q B rAŽ . Ł j j2qr 2 2q2 r2 Mt 4M t t -t Ft0 j
m
y1 qq A A rB a tŽ .Ý Ł Łj j j k
Ž . t -t Ftg t -t Ftks1 0 jk j
2 2 m1 q r 1 q r 1Ž . Ž . y1 qF y q q A a tŽ .Ý Ł j k r2qr 2qr mt2 Mt 4Mt Ž .g t -t Ftks1 k j
2 m1 m 1 q rŽ .
2 y1 qs y y t A a t F 0.Ž .Ý Ł j k2qr 4Mmt ž /Ž .g t -t Ftks1 k j
COROLLARY 1. Suppose
a t F 0, mt r F sup B rA F Mt r ,Ž . Łk j j
t -t FttGt 0 j0
r ) y1, m ) 0, M ) 0.
Ž . Ž .Then equation 1 , 2 has a positi¤e solution with nonnegati¤e deri¤ati¤e.
COROLLARY 2. Suppose for some t G 0, 0 - q - 1, r ) y1, m ) 0,0
M ) 0 at least one of the following conditions holds:
Ž . < < 2 qŽ . Ž .21 sup Ł B rA y 1 F q, sup t a t F 1 y q r4.t G t t -t F t j j t G t0 0 j 0
Ž . r r 2 qŽ . Ž2 mt F sup Ł B rA F Mt , sup t a t F m 1 qt G t t -t F t j j t G t0 0 j 0
.2r r4M.
Then the ordinary differential equation
x t q a t x t s 0 28Ž . Ž . Ž . Ž .È
Ž .with impulsi¤e conditions 2 has a positi¤e solution with a nonnegati¤e
deri¤ati¤e.
EXAMPLE 1. Consider the delay differential equation
1
x t q x t y d s 0 29Ž . Ž . Ž .È 22 t
with impulsive conditions
j
x j s x j y 0 , x j s x j y 0 , j s 1, 2, . . . ; 30Ž . Ž . Ž . Ž . Ž .Ç Ç
j q 1
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or
j q 1
x j s x j y 0 , x j s x j y 0 . 31Ž . Ž . Ž . Ž . Ž .Ç Ç
j
Ž . Ž . Ž . Ž .Then equations 29 , 30 and 29 , 31 are nonoscillatory.
Ž . Ž .Actually, for equation 29 , 30
1
t F B rA F t q 1 F t 1 q .Ł j j ž /tt -t Ft 00 j
Ž .Then the first inequality of 27 holds with r s 1, m s 1, M s 1 q 1rt .0
Ž .The left-hand side of the second inequality of 27 is less than 0.5
Ž Ž ..w d xq11 q 1rt y d and tends to 0.5 as t “ ‘. The right-hand side of0 0
this inequality is t r1 q t and tends to 1. Then for sufficiently large t0 0 0
Ž . Ž . Ž .inequalities 27 hold. Hence equation 29 , 30 is nonoscillatory. Similarly,
Ž . Ž .equation 29 , 31 is nonoscillatory.
Ž .Remark. All the solutions of equation 29 without impulses are oscilla-
w xtory 15 .
Now we will obtain some other nonoscillation conditions.
Denote
m
y1 qb t s A rB A a t .Ž . Ž .Ý Ł Łj j j k
t Ft Ž .g t -t Ftks1 j k j
THEOREM 6. Suppose Ł B rA F 1. If for t ) t there exists posi-t Ft F t j j 11 j
ti¤e solution of the nonimpulsi¤e ordinary differential equation
x t q b t x t s 0,Ž . Ž . Ž .È
Ž . Ž .then for t ) t there exists a positi¤e solution of equation 1 , 2 .1
Proof. Suppose u is a solution of Riccati inequality
u t q u2 t q b t F 0, t G t .Ž . Ž . Ž .Ç 1
Ž . Ž . Ž .The u is also a solution of inequality 24 . Therefore 1 , 2 has a positive
solution for t G t .1
COROLLARY. Suppose
lim sup B rA F 1, lim sup A G 1, 32Ž .Ł j j j
t“‘ t“‘t Ftj
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and
m
12 qlim sup t A rB a t F . 33Ž . Ž .Ý Ł j j k 4
t“‘ t Ftks1 j
Ž . Ž .Then equation 1 , 2 is nonoscillatory.
EXAMPLE 2. Consider the delay differential equation
a
x t q x g t s 0 34Ž . Ž . Ž .Ž .È bt
with impulsive conditions
kj q 1Ž .
x j s x j y 0 , x j s x j y 0 , j s 1, 2, . . . ; k ) 0,Ž . Ž . Ž . Ž .Ç Çkj
35Ž .
or
jk
x j s x j y 0 , x j s x j y 0 . 36Ž . Ž . Ž . Ž . Ž .Ç Çkj q 1Ž .
Ž . k Ž Ž ..kHere conditions 32 hold, Ł A rB F Mt , where M s 1 q 1rtt F t j j 1j
Ž .“ 1 as t “ ‘. Hence the left hand side of 33 is less than or equal to1
Ž 2qk b .aM t rt . Therefore if b s 2 q k and a - 1r4 or b - 2 q k, then
Ž . Ž . Ž . Ž .equations 34 , 35 and 34 , 36 are nonoscillatory.
Now we turn to the oscillation problem.
Ž .THEOREM 7. Suppose a t G 0 and there exist M ) 0, d ) 0 such thatk
sup B rA F M , t y g t F d . 37Ž . Ž .Łt G 0 j j k
t Ftj
If for some k, k s 1, 2, . . . , m,
‘ ‘
y1A rB A a t dt s ‘ and B rA dt s ‘ 38Ž . Ž .Ł Ł ŁH Hj j j k j j
t Ft Ž . t Ftg t -t Ftj jk j
Ž . Ž .then all the solutions of 1 , 2 are oscillatory.
Ž . Ž .Proof. Suppose equation 1 , 2 has a positive solution. Then for some
Ž . Ž .t G 0 inequality 10 has a solution u t . This function is nonincreasing1
Ž . Ž . Ž .therefore u t F u t and either there exists a finite limit of u t as t “ ‘1
Ž .or lim u t s y‘. We will see that the latter case is impossible.t “‘
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Ž . Ž . 2Ž . Ž .Inequality 10 implies u t q Ł B rA u t F 0. Then y1ru t qÇ t F t j jj
Ž . t Ž .1ru t q H Ł B rA ds F 0. Hence lim u t is a finite number.1 t t F s j j t “‘1 j
Ž .Further, from inequality 10 we have
u t q A rB Ay1a t exp ydMu t F 0. 4Ž . Ž . Ž .Ç Ł Łj j j k 1
t -t Ft Ž .g t -t Ft1 j k j
Hence
t y1u t y u t q exp ydMu t A rB A a t dt F 0, 4Ž . Ž . Ž . Ž .Ł ŁH1 1 j j j k
t t Ft Ft Ž .g t -t Ft1 1 j k j
Ž .which contradicts to 38 .
Ž . Ž .COROLLARY 1. Suppose a t G 0, condition 37 holds, there exist A )k
0, t ) 0 such that A F A, t y t G t . If for some k, k s 1, 2, . . . , m,j jq1 j
‘ Ž . ‘H Ł A rB a t dt s ‘ and H Ł B rA dt s ‘ then all the solutionst F t j j k t F t j jj j
Ž . Ž .of 1 , 2 are oscillatory.
The inequality
‘
y1A rB A a t dtŽ .Ł ŁH j j j k
t Ft Ž .g t -t Ftj k j
‘
yŽw d rt xq1.G A A rB a t dt s ‘.Ž .ŁH j j k
t Ftj
implies the following corollary.
Ž .COROLLARY 2. Suppose a t G 0, sup Ł B rA F M,t G 0 t F t j jj
‘ ‘
A rB a t dt s ‘ and B rA dt s ‘.Ž .Ł ŁH Hj j j j
t Ft t Ftj j
Ž . Ž .Then all the solutions of ordinary differential equation 28 , 2 are oscillatory.
EXAMPLE 3. Consider the delay differential equation
1
x t q x t y d s 0 39Ž . Ž . Ž .È 24 t
with impulsive conditions
j q 1
x j s x j y 0 , x j s x j y 0 , j s 1, 2, . . . . 40Ž . Ž . Ž . Ž . Ž .Ç Ç
j
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or
j
x j s x j y 0 , x j s x j y 0 . 41Ž . Ž . Ž . Ž . Ž .Ç Ç
j q 1
Ž . Ž . Ž . Ž .Then all solutions of 39 , 40 and 39 , 41 are oscillatory.
Actually
w xd q1
‘ ‘1 1
y1A rB A a t dt G 1 y t dt s ‘Ž .Ł ŁH Hj j j 2ž /t q 1 4 tt tt -t Ft tyd-t Ft 11 11 j j
and
‘ ‘ 1
B rA dt G dt s ‘.ŁH Hj j t q 1t tt -t Ft1 11 j
Ž .Remark. For ordinary differential equation d s 0 with impulsive con-
Ž . w xditions 41 this result was obtained in 11 in a different way. One can also
w x Ž .obtain it by Theorem 2 in 10 . Equation 39 without impulses is nonoscil-
w xlatory for all d G 0 15, 16 .
More interesting results we will be able obtain under the assumption
A s B , it means that impulsive conditions arej j
x t s A x t y 0 , x t s A x t y 0 . 42Ž . Ž . Ž .Ç ÇŽ . Ž .j j j j j j
Ž .In this case the Riccati inequality 10 is
m
t2 9 y1u t q u t q A a t exp y u s ds F 0. 43Ž . Ž . Ž . Ž . Ž .Ç Ý Ł Hj k ½ 5Ž .g tŽ .g t -t Ft kks1 k j
Consider the following delay differential equation without impulses
m
y1x t q A a t x g t s 0. 44Ž . Ž . Ž . Ž .Ž .È Ý Ł j k k
Ž .g t -t Ftks1 k j
Ž . Ž . Ž .THEOREM 8. Suppose a t G 0, A ) 0. Then equation 1 , 42 is oscil-k j
Ž . Ž . Žlatory nonoscillatory if and only if equation 44 is oscillatory nonoscilla-
.tory .
Ž . Ž .Proof. Theorem 2 implies that nonoscillation of 1 , 42 is equivalent
Ž .to the existence of nonnegative solution of inequality 43 . However the
Ž .last condition is equivalent to nonoscillation of nonimpulsive equation 44
Ž w x.Theorem 1 in 12 .
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As an application of the previous theorem and oscillation results,
w xobtained in 12, 16 for nonimpulsive equations we will present the follow-
ing theorems.
THEOREM 9. Suppose A ) 0,j
3m 't g t ln g t 1Ž . Ž .k ky1 qlim sup A a t F .Ž .Ý Ł j k ln t 4t“‘ Ž .g t -t Ftks1 k j
Ž . Ž .Then equation 1 , 42 is nonoscillatory.
Ž .THEOREM 10. Suppose a t G 0, A ) 0 and there exists d ) 0 suchk j
Ž . Ž . Ž . Ž .that t y g t - d . Then equation 1 , 42 is oscillatory nonoscillatory ifk
and only if the following nonimpulsi¤e ordinary differential equation:
m
y1x t q A a t s 0Ž . Ž .È Ý Ł j k
Ž .g t -t Ftks1 k j
Ž .is oscillatory nonoscillatory .
Ž .THEOREM 11. Suppose a t G 0, A ) 0, and for some c , 0 - c - 1k j k k
the following nonimpulsi¤e ordinary differential equation
m g tŽ .ky1x t q A a t c x t s 0Ž . Ž . Ž .È Ý Ł j k k tŽ .g t -t Ftks1 k j
Ž . Ž .is oscillatory. Then 1 , 42 is also oscillatory.
6. APPENDIX: REPRESENTATION OF SOLUTIONS
Here we consider a more general n-dimensional problem and obtain the
representation of solutions for it. Let Rn be the space of n-dimensional
Ž . 5 5 < <column vectors x s col x , . . . , x with the norm x s max x , by1 n 1F iF n i
5 5the same symbol ? we will denote the corresponding matrix norm. We
consider the equation
m
x t q a t x g t s f t , t G t , x t s w t , t - t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž .È Ý k k 0 0
ks1
45Ž .
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with the following initial and impulsive conditions.
x t s a , x t s b , x t s A x t y 0 q a ,Ž . Ž . Ž .Ç Ž .0 0 0 0 j j j j
46Ž .
x t s B x t y 0 q b , t ) t .Ž .Ç ÇŽ .j j j j j 0
Here x, w and f are vector valued functions, a are matrix valuedk
functions, A , B are matrices. We assume that all the components ofj j
vector- or matrix-valued functions satisfy the assumptions described in
Section 2. Similarly we introduce the matrix-valued fundamental functions
Ž . Ž .X t, s and X t, s , only the unit in the initial conditions is changed by the0
unit matrix, zero is changed by the zero matrix.
Ž . Ž .LEMMA 1. Suppose a1 , a3 hold and the components of a are Lebesguek
measurable locally essentially bounded functions. Then the fundamental matrix
Ž . Ž . Ž . XŽ .X t, s of 45 , 46 and its deri¤ati¤e in t X t, s are bounded on any squaret
w x w xt , b = t , b .0 0
w .Proof. Let t - s - t . First, consider t g s, t . Then the derivativeiy1 i i
Ž . Ž . Ž . Ž .of the solution of the problem 5 , 6 , x s s 0, x s s I , where I is aÇ n n
unit n = n matrix, can be presented as
m
tXX t , s s I y a h X g h , s dh , x t s 0, t - s,Ž . Ž . Ž . Ž .Ž .ÝHt n k k
s ks1
therefore
m
tXX t , s F 1 q a h sup X z , s dh . 47Ž . Ž . Ž . Ž .ÝHt k
s w xzg s , hks1
Ž . 5 X Ž .5 Ž .Denote y t s sup X z , s . Then X s, s s 0 impliesz gw s, t x z
sup X z , s F y h h y s ,Ž . Ž . Ž .
w xzg s , h
Ž .which together with 47 yields the following estimate
m
t
y t F 1 q a h y h h y s dh .Ž . Ž . Ž . Ž .ÝH k
s ks1
By The Gronwall]Bellman inequality
m
t
y t F exp a h h y s dh .Ž . Ž . Ž .ÝH k½ 5
s ks1
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Therefore for the derivative of the fundamental function the same esti-
mate is valid:
m
tXX t , s F exp a h h y s dh . 48Ž . Ž . Ž . Ž .ÝHt k½ 5
s ks1
Let t - s - t F t - t . Theniy1 i iq1
m
tX XX t , s s X t , s y a h X g h , s dh .Ž . Ž . Ž . Ž .Ž .ÝHt t i k k
t i ks1
Ž . XŽ . XŽHence, the inequality 48 and the impulsive condition X t , s s B X tt i i t i
.y 0, s imply the estimate.
mt iX 5 5X t , s F 1 q B exp a h h y s dhŽ . Ž . Ž .Ž . ÝHt i k½ 5
s ks1
m
t
q a h X g h , s dh . 49Ž . Ž . Ž .Ž .ÝH k k
t i ks1
Ž . 5 X Ž .5 Ž .Again we denote y t s sup X z , x . After rewriting 49 in thez gw s, t x z
form
mt i
5 5y t F 1 q B exp a h h y s dhŽ . Ž . Ž .Ž . ÝHi k½ 5
s ks1
m
t
q a h y h h y s dhŽ . Ž . Ž .ÝH k
t i ks1
and applying the Gronwall]Bellman inequality we obtain
XX t , s F y tŽ . Ž .t
mt i
5 5F 1 q B exp a h h y s dhŽ . Ž .Ž . ÝHi k½ 5
s ks1
m
t
= exp a h h y s dhŽ . Ž .ÝH k½ 5
t i ks1
m
t
5 5s 1 q B exp a h h y s dh ,Ž . Ž .Ž . ÝHi k½ 5
s ks1
wt g t , t ..i iq1
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Now let t - s - t - . . . - t - t - t . By considering the derivativeiy1 i jy1 j
XŽ . w .of the fundamental function X t, s in the intervals t , t , . . . ,t iq1 iq2
w .t , t and repeating the previous argument we obtain the estimatejy1 j
m
tX 5 5X t , s F 1 q B exp a h h y s dh . 50Ž . Ž . Ž . Ž .Ž .Ł ÝHt j k½ 5
ss-t Ft ks1j
Ž . Ž .Let z t be such an absolutely continuous function that z s s 0 and
Ž .the norm of its derivative is bounded by the function u t . Then
t
z t F u h dh .Ž . Ž .H
s
Ž . Ž .If z t s A z t y 0 , then for t - s - t - t - ti i i iy1 i iq1
t
5 5z t F A z t y 0 q u h dhŽ . Ž . Ž .Hi i
t i
t ti
5 5F 1 q A u h dh q u h dhŽ . Ž .Ž . H Hi ž /s t i
t
5 5s 1 q A u h dh .Ž .Ž .Hi
s
Ž . w . w .Similarly by considering z t in the intervals t , t , . . . , t , t weiq1 iq2 jy1 j
obtain for t - s - t - . . . - t - t - tiy1 i jy1 j
t
5 5z t F 1 q A u h dh .Ž . Ž .Ž .Ł Hj
ss-t Ftj
Ž . Ž .The fundamental function X t, s satisfies the initial condition X s, s s 0
Ž .and satisfies inequality 50 . Therefore we have the following estimate:
t
5 5 5 5X t , s F 1 q B 1 q A dzŽ . Ž . Ž .Ł Ł Hj j
ss-t Ft s-t Ftj j
m
z
= exp a h h y s dhŽ . Ž .ÝH k½ 5
s ks1
5 5 5 5F 1 q B 1 q A t y sŽ .Ž . Ž .Ł j j
s-t Ftj
m
t
= exp sup a h h y s dhŽ . Ž .ÝH k½ 5s w xhg s , tks1
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Consequently
5 5 5 5X t , s F 1 q B 1 q A t y sŽ . Ž .Ž . Ž .Ł j j
s-t Ftj
m
t
= exp sup a h h y s dh 51Ž . Ž . Ž .ÝH k½ 5s w xhg s , tks1
which completes the proof of the lemma.
LEMMA 2. Suppose the assumptions of Lemma 1 hold. Then the solution
Ž . Ž .of 45 , 46 with a s b s 0, j s 0, 1, . . . , and w s 0 can be presented asj j
t
x t s X t , s f s ds. 52Ž . Ž . Ž . Ž .H
t0
Ž .Proof. By differentiating 52 twice one obtains, first,
t Xx t s X t , s f s ds, 53Ž . Ž . Ž . Ž .Ç H t
t0
and, second,
t Yx t s f t q X t , s f s ds, 54Ž . Ž . Ž . Ž . Ž .È H t t
t0
XŽ . Ž . Ž .since X s, s s I , X s, s s 0 for each s. The equality 52 together witht n
Ž .X t, s s 0, t F s, implies
 Ž . 4 tmax g t , tk 0x g t s X g t , s f s ds s X g t , s f s ds.Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .H Hk k k
t t0 0
Consequently by the definition of the fundamental function
m
t Yx t q a t x g t s f t q X t , s f s dsŽ . Ž . Ž . Ž . Ž . Ž .Ž .È Ý Hk k t t
t0ks1
m
t
q a t X g t , s f s ds s f t .Ž . Ž . Ž . Ž .Ž .ÝH k k
t0 ks1
Ž .Therefore 52 is a solution of the equation.
Ž .Now we will prove that 52 also satisfies the impulsive conditions. Let i
 4‘ w .be a fixed positive integer and t ; t , t be a sequence tending to tj js1 0 i i
as j “ ‘. Let us prove the following relation
tt ijlim X t , s f s ds s X t y 0, s f s ds. 55Ž . Ž . Ž . Ž .Ž .H Hj i
t “t y0 t tj i 0 0
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By Lemma 1 the functions under the integral are uniformly bounded. The
Ž .Lebesgue theorem on the limit under the integral yields 55 . Similarly the
Ž .equality for the derivative of X t, s in t is obtained
tt ij X Xlim X t , s f s ds s X t y 0, s f s ds. 56Ž . Ž . Ž . Ž .Ž .H Ht j t i
t “t y0 t tj i 0 0
Ž .Fundamental function X t, s satisfies the impulsive conditions
X t , s s A X t y 0, s , X X t , s s B X X t y 0, s .Ž . Ž . Ž . Ž .i i i t i i t i
Ž . Ž . Ž . Ž . Ž .By 55 , 56 , and 53 we obtain for x t defined by 52 :
tt ijA x t y 0 s A lim X t , s f s ds s A X t y 0, s f s dsŽ . Ž . Ž . Ž .Ž .H Hi i i j i i
t “t y0 t tj i 0 0
t i
s X t , s f s ds s x t ,Ž . Ž . Ž .H i i
t0
tt ij X XB x t y 0 s B lim X t , s f s ds s B X t y 0, s f s dsŽ . Ž . Ž . Ž .Ç Ž .H Hi i i t j i t i
t “t y0 t tj i 0 0
t i Xs X t , s f s ds s x t ,Ž . Ž . Ž .ÇH t i i
t0
Ž .consequently x t satisfies the impulsive conditions which completes the
proof.
Ž . Ž .THEOREM 12. Suppose assumptions a1 , a3 of Section 2 hold, w :
Ž .y‘, t “ R is a Borel measurable bounded function, the components of a ,0 k
w and f are Lebesgue measurable locally essentially bounded functions. Then
Ž . Ž .there exists one and only one solution of 45 , 46 that can be presented on the
form
t
x t s X t , t a q X t , t b q X t , s f s dsŽ . Ž . Ž . Ž . Ž .H0 0 0 0 0
t0
m
t
y X t , s a s w g s ds q X t , t aŽ . Ž . Ž .Ž . Ž .Ý ÝH k k 0 j j
t0ks1 t -t Ft0 j
q X t , t b , 57Ž .Ž .Ý j j
t -t Ft0 j
Ž Ž .. Ž .where w g s s 0, if g s ) t .k k 0
Ž . Ž . w .Proof. By considering the solution of 45 , 46 successively on t , t ,0 1
w .t , t , . . . , we obtain that there exists a unique solution of the initial1 2
Ž .value problem. We claim that it coincides with 57 .
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The solution of the problem
m m
x t q a t x g t s f t y a t w g t ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .È Ý Ýk k k k
ks1 ks1
x z s 0, z - t , w z s 0, z G t , 58Ž . Ž . Ž .0 0
Ž . Ž .also solves 45 , 46 , with a s b s 0 for every j. Therefore by Lemma 2j j
Ž .the solution of 58 can be presented as
m
t t
x t s X t , s f s ds y X t , s a s w g s ds.Ž . Ž . Ž . Ž . Ž . Ž .Ž .ÝH H0 k k
t t0 0ks1
Ž . Ž .Observe that the matrices X t, s and X t, s satisfy homogeneous equa-0
Ž . Ž .tion 45 f s 0, w s 0 , therefore
x t s X t , t a q X t , t b q X t , t a q X t , t bŽ . Ž . Ž . Ž . Ž .Ý Ý1 0 0 0 0 0 0 j j j j
t -t Ft t -t Ft0 j 0 j
also satisfies the homogeneous equation.
Ž . Ž . Ž . Ž .Therefore x t s x t q x t satisfies equation 58 . It is easily checked0 1
Ž .that it also satisfies impulsive conditions 46 .
Indeed, for example,
x t s X t , t a q X t , t bŽ . Ž . Ž .1 i 0 i 0 0 i 0 0
q X t , t a q X t , t bŽ . Ž .Ý Ý0 i j j i j j
t -t Ft t -t Ft0 j i 0 j i
s A X t y 0, t a q A X t y 0, t bŽ . Ž .i 0 i 0 0 i i 0 0
q A X t y 0, t a q a q A X t y 0, t bŽ . Ž .Ý Ýi 0 i j j i i i j j
t -t -t t -t -t0 j i 0 j i
s A x t y 0 q a ,Ž .i 1 i i
Ž . Ž .since X t y 0, t s X t y 0, t s 0.0 i i i i
Ž . Ž . Ž . Ž .Therefore x t s x t q x t satisfies both equation 58 and impulsive0 1
Ž . Ž . Ž . Ž .conditions 46 . Consequently, 57 is a solution of 45 , 46 , which com-
pletes the proof.
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